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Progression in Calculations

Addition

Objective and
Strategies

Concrete

Pictorial

Abstract

Combining two
parts to make a
whole: part-
whole model

Use cubes to add
two numbers
together as a
group or in a bar.

teddy bears etc)

(use other resources too e.g. eggs, shells,

< goe g

USE pictures 10
add two numbers
together as a
group or in a bar.

whok-

10 Tabs

(4 is a part, 6 is a part and

the whole is 10)

10=6+4

Use the part-part
whole diagram as
shown above to
move into the
abstract.

Starting at the
bigger number
and counting on

Start with the larger number on the
bead string and then count on the
smaller number 1 by 1 to find the
answer.
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Add by Counting On
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Thers ure 9 buttons in 0%l
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10 1 12 13 4 15 1§ 17 8 19 20

Start at the larger number on the number line and count
on in ones or in one jump to find the answer.

4

?

A bar model which encourages the children to count on

4+2=6

Place the larger number in
your head and count on the
smaller number to find your
answer.

B s &

The abstract number line:
What is 2 more than 47
What is the sum of 4 and
2? What's the total of 4 and
27?

4+2




Regrouping to
make 10.

Start with the bigger number and use the

smaller number to make 10 by using ten
frames and counters/cubes or using

numicon.

Add by Making 10
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G+8=14
Thers are 14 sondwiches

2+8=10
10+4=14

Use pictures or a

number line. Regroup
or partition the smaller

number to make 10.

9 +/5= 14 +4
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3+ 9 =

solve additions.

Children to draw the ten frame and counters/cubes

After practically using the base 10 blocks and place value
counters, children can draw the counters to help them to

7+4=11

If | am at seven, how many

more do | need to make 10.

How many more do | add on
now?

Children to develop an
understanding of equality

eg6+[1=11

or6+5=5+[]

or6+5=|:|+4




Adding three

4+7+6=17
Put 4 and 6 together to make 10. Add

s + 988 . 58

447 +6)= [10+7]

single digits

on7. ﬁ ﬁ'ﬁ' 10 o

- & '54§. = fi7]
" owew  esvees anad —
B SESSTs . 55
- + Combine the two numbers
B 9I that make 10 and then add
5 45 45 45 45 45 on the remainder.

Following on from making 10, make 10 . .

with 2 of the digits (if possible) then add | | Ad9 together three groups of objects. Draw a picture

on the third digit. o recombine the groups to make 10.
Adding ones _ _ _ o
to a two diait Using objects split the two digit number Add Ones = . i 13+4 =17

g into the tens and ones and add the ones
number to the ones before recombining. T | i 10 3+4=17
T T T T —
'\‘ e e man i _ —_— p » Fu 40+9 =49
0 8 X
12 +61 ‘
1246418 3’)
There are 18 candies altogether. 2+46=8
OO
Column o4+ 15
+ =

methOd__ no Add together the ones first then add T )
regrouping the tens. Use the Base 10 blocks

first before moving onto place value

counters. I @ I .
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0 |000ee
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Children to represent the concrete using a particular
symbol e.g. lines for tens and dot/crosses for ones.
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Continue to develop understanding of
partitioning and place value 41 + 8

T

O

00®
@0

After practically using the base 10 blocks
and place value counters, children can draw
the counters to help them to solve additions.

Calculations

21+42=

21
+42

Expanded
column
addition
method

Use concrete objects such as sweets to
add together grouping them together in
tens and ones first to make adding
easier. Regroup the ones into a group of
ten and ones then adding the ones
followed by the groups of ten.

Add 15 and 18.

Step

Step 2

1 Add the ones
5 ones + B ones = 13 ones

Regroup the ones.
13 ones = 1 ten and 3 ones
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Lt

Add the tens.

1ten+ 1ten +1ten=3tens

vew

N

15+18=33

Use -m help you add. »m

1 5

+ 31 8
e ———

1 3

tens ones

1 5
e | 8
1 3
+ 2 0
3 3




Column
method-
regrouping

Make both numbers on a place value
grid.
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00000

D000
60 000

Add up the units and regroup 10 ones
into one 10.
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Add up the rest of the columns,
regrouping the 10 counters from one
column for the next place value column
until every column has been added.

This can also be done with Base 10 to
help children clearly see that 10 ones
equal 1 ten and 10 tens equal 100.

As children move on to decimals,
money and decimal place value
counters can be used to support
learning.

Children can draw a pictorial representation of the
columns and place value counters to further support their
learning and understanding.
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Looking for ways to
Make 10:

36 + 25=

1 5

30 +20=50
5+5=10
50+10+1=61

Start by partitioning the
numbers before moving on
to clearly show the
regrouping below the
addition.

h

200 1
40 1 8
60 1 13 =73

And then the expanded method:

25
+48
13
60
73

Formal method:

536
36 + 85
621

+25

61

1
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Once the children have had
practice with this, they should be
able to apply it to larger numbers
and the abstract.

Chidren to represent the counters e.g. like the image

below:

o ©

000 3_300

-

If the children are completing a word problem, draw a bar

model to represent what it’s asking them to do.

243

368

Expanded method:
243
+ 368
11
+ 100
500
611

Standard
written
method:

243

+368
611

' s |

As the children

move on,

introduce

decimals with

the same number of
decimal places and
different. Money can be
used here.
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Subtraction

Objective and Concrete Pictorial Abstract
Strategies
Taking away Cross out drawn objects to show what has been taken 18 - 3= 15
ones Use physical objects, counters, cubes away.
etc to show how objects can be taken
away. - 8-2=6
OO O s-2-4 T35 R -
O e e 5
VA pal =4 -3
156-3= (12

@0
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Use of the bar model to support understanding:
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Counting back

Make the larger number in your
subtraction. Move the beads along your
bead string as you count backwards in
ones.

Cesessssese
e

13-4

Use counters and move them away
from the group as you take them away
counting backwards as you go.

Using number lines or number tracks

Count back on a number line or number track

C NN N
2 10 11 12 13 14 15

Start at the bigger number and count back the smaller
number showing the jumps on the number line.

=10 -10

-1 -1 -l

34 35 36 37 47 <7

This can progress all the way to counting back using two
2 digit numbers.

Put 13 in your head, count
back 4. What number are
you at? Use your fingers to
help.




Find the Compare amounts and objects to find
difference the difference (use cubes, humicon 8 (_Zount on to Find the difference between
or Cuisenaire rods.) — find the 8 and 6. 8 — 6, the
oo s NN difference. difference is?
:..]. 0 ! 2 3 4 5 6 7 8 9 1010~
? : l . . ) Children to also explore why
Use cubes to build Comparison Bar Models 9 - 7= 8~ 6 (the difference,
towers or make bars to find the difference of each digit, has changed
Draw bars to Lisa is 13 yeors old. Her sister is 22 years old by 1 do the difference is the
")l i find Find the difference in age befween them same- this will help when
*xzcd'»f— ? the difference 13 ? solving 10000-9987)
m numbers. - C—1
=te I
32 Hannah has 23 sandwiches,
5 pencis Helen has 15 sandwiches.
' Find the difference between
YR US% blasic_ kr)]ar the numbers of sandwiches.
~ models wit
W‘ié items to find
3 raers the difference
Part Part Link to addition- use Use a pictorial representation of objects to show the part
Whole Model ) the part whole model | part whole model.

inverse between
addition and
subtraction.

7 % | to help explain the
it

[0

If 10 is the whole and 6 is one of the
parts. What is the other part?

10-6=

Move to using numbers
within the part whole model.




Subtract by
subtracting ones

Start by using objects on ten frames so
that the 10 can be seen as separate and
then take away from the ones.

15-2=7

Q000000000
..0001

-
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10

15-2=13
There are 13 apples left.
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5-2=3
10+3=13

17-5=7
10+(7-5)=

10+2=12

Subtract from 10

Start by using objects on ten frames so
that the 10 can be seen as separate and
then take away from the ten first.

Subtract from 10

[00 00 00
L 00 00 00

&

14-8=6
Sam has 6 doughnuts left.

1% -8
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10-8=2
4+2=6

15-7="7
(10-7)+5=

3+5=8




Make 10 14-5=
i : L ‘ i 5 : 2 3 4 5 ; 7 e ; v.o :' :2 1‘3 1.4 1‘5 |le \.7 !.e 1.9 2.0 You also Want Chlldren to
ﬁ 7 t_ _ ’ see related facts
T ENE L Start at 13. Take away 3 to reach 10. Then take away the | €:9- 15-9=5
Make 14 on the ten frame. Take away remaining 4 so you have taken away 7 altogether. You ]
the four first to make 10 and then have reached your answer. Children should represent
takeaway one more so you have taken how the_y have solved the
away 5. You are left with the answer of | Children can represent the ten frame pictorially. calculation.
9. 14-5=9 Mismadepof 5 5and 450l
can subtract ane 5 12 be left with
daend 8
14-5:9 5 s mode up of 4 ond 150 I con
subtract 4 to make 10 and then I
/ 4 | tegertod
16 — 8=
/ / How many do we take off to
, / reach the next 10?
How many do we have left
to take off?
Expanded . - . Subtroct 216 from 32 Use ._'oho(prwudd
hod f Work with concrete objects first — Stipl  Rogroup 1 ten it 10 006
method for grouping them into tens and ones. e o
subtraction with Discuss whether you can take away six \
- ones if there are only two. Then model ke =
regrouping taking a group of ten to join the two. Now :f//w-"'* R

you can take away six. Then subtract
one group of ten from the remaining two
groups of ten.

Step2  Subtroct the tens.

2tens - 1ten =1 fen
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Column s o Use Base 10 | & ¥ Draw the Base
- ' Eassassans culatians
method without to make the 10 or place L7 = 23
. // bigger OOID (EEE W 5[5 value counters & i
regrouping nukmbﬁr then | BFEFOED) |- alongside the 4o+ 7
11 H take the RSS=s=c=csad =27 written — 20tk
1 111 ‘ I smaller ST calculation to > o4 3
number help to show - - -
/ / ' away. working.
| © | . i Calnlation This will lead to a clear
i176-64= i i
Show how Ty ® % &a.’\ written columrj__subtracnon.
you partition e T [y i 178 =
numbers to '?]m_}g'g . _/j/__
subtract. 0| 2 | \ /
Again make o
the larger &
number first. Z‘ %
Column Use Base 10 to start with before moving 836-254-587
method with on to place value counters. Start with Draw the counters onto i3 A
. regrouping once before moving onto a place value grid and :ii& 1306 6
regrouping subtractions where you need to regroup show what you have . 200 30 &

twice.

Make the larger number with the place
value counters

© |l o | ®

i Cakulations

234
88

©0 0G0 0000

Start with the ones, can | take .away 8
from 4 easily? | need to regroup one
of my tens for ten ones.

® ® (@]
| | { Calodations

00 [0 |eee®® @ 234
00000
00000

taken away by crossing
the counters out as well
as clearly showing any

regrouping.

~18-24

-
e
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e
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When confident, children can
find their own way to record
the regrouping.

Shep 3
D ey

13 rres :2‘

o reer

Just writing the numbers as
shown here shows that the
child understands the method

and knows when to regroup.

L 500 80 2

Children can start their
formal written method by
partitioning the number into
clear place value columns.

 F28-5824 46

Moving forward the children
use a more compact
method.




Now | can subtract my ones.

®6 0@ |[ee0® @ 234
ee —=

Now look at the tens, can | take away 8
tens easily? | need to regroup one
hundred into ten tens.

o & & ..

©® |0 0000 P 234
00lolool Y ) |58
00,0010 :

Now | can take away eight tens and
complete my subtraction

146

@ l @ | . Cakylatians
o oo |eeee® A
Q.0 o0 88

Show children how the concrete
method links to the written method
alongside your working. Cross out the
numbers when regrouping and show
where we write our new amount.

This will lead to an
understanding of
subtracting any number
including decimals.

> 12 i

30
6

12
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Multiplication

Objective and Concrete Pictorial Abstract
Strategies
Doubling Use practical activities to show how to
double a number. Draw pictures to show how to double a number. 16
Double 4 is 8 10 6
I x2 I x2
20 12
double 4is 8 D Partition a number and then
4%2-8 [ double each part before
recombining it back
together.
Counting in Count in multiples of a
; R ) " number aloud.
multiples Wiz, g, W, M g,
E 7 \., Y N CE S % 7 Write sequences with
multiples of numbers.
% i : P % e : —— 3 o : i 3
9 5 0 15 0 2 10 2,4,6,8,10

Count in multiples supported by
concrete objects in equal groups.

Use a number line or pictures to continue support in
counting in multiples.

There are & trays,

Y
htraysof 5 =20 ,’ﬁ

Each tray has 5 ' ;

A
510,15, 20 %

4 groups of 5 =20
4 fives =20

There are 20 . altogether.

5, 10, 15, 20, 25, 30




Repeated
addition

Use different
objects to add
equal groups.

el

3x4or3lotsof4

Use number lines to show repeated
groups- 3 x 4

L L

A wa
— — —

There are 3 plates. Each plate has 2 star biscuds on. How many biscuits are there?

2add 2 add 2 equals 6

o\/c \/‘ll;‘l

- Ci O+S45=18
23 4 56 78 9 10111213 1415

Represent this pictorially alongside a number line e.g:
[ 1) ®® OO
4 8 12

Use of a bar model for a more structured method.
(R X BN X
©e o0 00

Write addition sentences to
describe objects and
pictures.

$939¥

3x4

4+4+4

Abstract number line
3x4=12




Arrays-
showing
commutative
multiplication

Create arrays using counters/ cubes to
show multiplication sentences.

Draw arrays in different rotations
to find commutative
multiplication sentences.

0000

i

fii
thit

{
i1

There are 10 toy soldiers in one row.
2 tens = 20
There are 20 toy soldiers altogether.

i
i1

° 4%2=8

0

8@ 1x4-3
00

co

6o
4<2:8
D

= 10, 20

Use an array to write
multiplication sentences and
reinforce repeated addition.

5+85+5=15
3+3+3+3+3=15

5x3=15
3x5=15

Partitioning to
multiply

Use numicon, base 10, Cuisenaire
rods
4 x 15

Children to represent the concrete manipulatives in a
picture e.g. base 10 can be represented like:

15x 4 i 0

XXXXX
‘ ‘ XXXXX

XXXXX
L XXX

Children to be encouraged
to show the steps they

have taken
4 x15
¥ %

10 5

10x 4:-40
Bx 4=20
40+ 20=60

A number line can also be
used

W
s % ES = as
104
49




Grid Method Show the link with arrays to first Children can represent the work they have done with Start with multiplying by

introduce the grid method. place value counters in a way that they understand. one digit numbers and
showing the clear addition
@ L | 3 4 rows They can draw the counters, using colours to show alongside the grid.
| 2222222222288 of10 different amounts or just use circles in the different
0000:0:0:0000 4 rows columns to show their thinking as shown below. 1 )
_|eececccesssse . X 30 5

7 210 35

Move on to using Base 10 to move

towards a more compact method. 210 + 35 = 2L5

X T U
ey 4rOWsofL3 | |
— EE S Moving forward, multiply by
| E—— ] a 2 digit number showing

the different rows within the

Move on to place value counters to grid method.
show how we are finding groups of a
number. We are multiplying by 4 so
we need 4 rows. 10 8
® o ® | .
; 4x126 10 100 80
| 3 30 24
Fill each row with 126.
X |1000 300 | 40 2
® e x Catculatins 10 |0000| 3000 | 400 20
oMo [ 4x126
—L2 0L i 8 | 8000 | 2400 | 320 16

Add up each column, starting with the
ones regrouping when needed.

e © ®
_O T8 @

i =

=

e

Then you have your answer.




Column
multiplication

Children can continue to be supported
by place value counters at the stage of
multiplication.

It is important at this stage that they
always multiply the ones first and note
down their answer followed by the tens
which they note below.

28 Step 1: get 6 lots of 23

o 5. e Step2:6x3is18.
—1 33 | ss% Can | regroup? Yes!
_ 135 1®**  Ten ones for one

ten....

=, 2. 8 Step 3:6x2tens and
_IEE my extra ten is 13 tens.
Can regroup? Yes! Ten
tens for one hundred...

g

a
@

1
[]

Step 4- What do | have in each
column?

Bar modelling and number lines can support learners
when solving problems with multiplication alongside the
formal written methods.

Start with long
multiplication, reminding the
children about lining up their
numbers clearly in columns.
If it helps, children can write
out what they are solving
next to their answer.

32
¥ 24
& (dx2)
120 (4 x 30}
40 (20x2)
600 (20 x 30)
768 7

z

L = (= [

+ A 3 &}
4 & 3 &
This moves to the more
compact method.
When children start to
multiply 3d x 3d and 4d x
2d etc, they should be
confident with the abstract:

1 2 4
X 2 6
7 4 4
1 2
24 80
3 2 2 4
1 1

Answer: 3224




To get 744 children have
solved 6 x 124

To get 2480 they have
solved 20 x 124

It is useful to show the grid
method next to the
standard written method so
that the children can see
how the two relate and that
the mathematics involved is
the same the only
difference is the way it is
written down.




Division

Objective and

Concrete

Pictorial

Abstract

| have 10
cubes, can you
share them
equally in 2
groups?

(other concrete objects can also be
used e.g. children and hoops, teddy
bears, cakes and plates)

$$

\ T 0 ' | O ~)
N \_ _/ /
6+2 2—3
© ©
- © - &)

This can also be done in a bar so all 4
operations have a similar structure.

Strategies
Sharing Children use pictures or shapes to share quantities. Share 9 buns between three
objects into people.
groups % % 9+3=3




Division as
grouping
and
repeated
subtraction

Divide quantities into equal groups.
Use cubes, counters, objects or place
value counters to aid understanding.

%

I ...l'] ee0ed soone ‘ onnee IOQOI.i....lj....CJj‘

06 =3=32
9 Q¢ 9
9 9 %@
o® o® o

Use a number line to show jumps in groups. The number
of jumps equals the number of groups. Make sure the
children understand that division is repeated subtraction.

10 11 12

! ! |

5 6 7 8 9
! [
I I I I 1

3 3 3 3

= = =2

IOOIOOIOO
o 1 & b

-Z -2 -2
g 2 3 4 5 &
3 groups

28+-7=4

Divide 28 into lots of 7.
How many lots are
there?




Division within
arrays

Link division
to
multiplication
by creating
an array and
thinking
about the
number sentences that can be created.

5x3=15
3x5=15

Eg15+3=5
15+5=3

Draw an array and use lines to split the array into groups
to make multiplication and division sentences.

Find the inverse of
multiplication and division
sentences by creating four
linking number sentences.

7x4=28
4x7=28
28+7=4
28+4=7

Division with a
remainder

14+ 3=
Divide objects between groups and
see how much is left over

25 28 5
& 28 28

"

Jump forward in equal jumps on a number line then see
how many more you need to jump to find a remainder.

Draw dots and group them to divide an amount and
clearly show a remainder.

HOOOL

-\ -4 -y -4
6|OOOOIOOOOI6665I
0\ 5 9 \y

13 + 4 — 3 remainder 1

Children to count their
times tables facts in their
heads

- -~ -y

| 5 9 |
o

Complete written divisions
and show the remainder
using r.

)

O

= 8 = 3 REMAINDER 5
T 1 T

divisor quotient remainder

-9
<
i




Short division

Students can continue to use drawn diagrams with dots
or circles to help them divide numbers into equal groups.

OO\ COVO O
oo/\OC 00

Encourage them to move towards counting in multiples to
divide more efficiently.

Begin with divisions that
divide equally with no
remainder.

2 1 8

3

4,8 7 2

Move onto divisions with a
remainder.

8 6 1 2
3
54 3 2

Finally move into decimal
places to divide the total
accurately.




Long division

2544 =12

How many groups of
12 thousands do we
have? None

Regroup 2 thousand for 20 hundreds.

[ARE

How many groups of 12 are in

25 hundreds? 2 groups. Circle

them.

We have grouped 24 hundreds so can
take them off and we are left with one.

Th T

i 'OOG)C"'\ O. ®
l .)C- | OO. @ 12| 2544
aboe ©®

, oood 1
IO

Regroup the one hundred for ten tens so
now we have 14 tens. How many groups
of 12 are in 14? 1 remainder 2

Th H (Y. 0
(clelelelatole 5.4,
onon (00 @ 122544
-89 O] 22 ® 24
@@@@ﬂg : 1
2000 o =
2

Regroup the two tens for twenty ones so
now we have 24 ones. How many

groups of 12 are in 24? 2 6513

12 |2544

Th H T o
BEeee ’5._).0‘ 24
."\
AN 00833 2
“Bbo | 20esE 5

Instead of using physical counters, students can draw the

counters and circle the groups on a whiteboard or in their |:

books.

Use this method to explain what is happening and as
soon as they have understood what move on to the
abstract method as this can be a time consuming
process.

o e
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12(2544

12| 2544
24
1

Step one-
Regroup 2
thousand
for 20
hundreds
SO we now
have 25
hundreds.

Step two-
How many
groups of 12
can | make
with 25
hundreds?
The 24 shows
the hundreds
we have
grouped. The
one is how
many
hundreds we
have left.

Regroup the
one
hundred for
10 tens.
How many
groups of 12
can | make
with 14
tens?

The 14
shows how
many tens |




have, the 12
is how many
I
grouped and the 2 is how
many tens | have left.

0212

12 |2544
24
14
12

24
—
0
Regroup the 2 tens for 20

ones. The 24 is how many
ones | have grouped and the
0 is what I have left.




